Edge-dislocation displacements in an elastic strip
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A Fourier-transform method is used to obtain the displacement field for an edge dislocation. The method
reproduces known results and produces new solutions that can be compared with those from atomistic

models of edge dislocations.
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L. INTRODUCTION

Because plastic flow occurs through the motion of dis-
locations, a detailed knowledge of dislocation structure and
propagation is desirable.! Recent work in molecular
dynamics, i.e., solving the equations of motion for crystals
containing a few thousand particles, makes it possible to ob-
serve dislocations in motion.? In comparing these numerical
calculations with the predictions of macroscopic elasticity
theory, it is necessary to use identical boundary conditions.
Thus, both the molecular dynamics and the elasticity theory
may be considered in the finite-width strip geometry shown
in Fig. 1. Boundary conditions are significant in the disloca-
tion problems, because the displacment field diverges at
large R in the absence of boundary constraints.!

In this paper, we outline a method for solving the equi-
librium-elasticity equations that can be applied to edge dislo-
cations located in a strip having parallel boundaries. The

r«btoundaries can be either fixed or stress-free. To illustrate the
- aethod, we consider an edge dislocation with Burgers vector

parallel to the strip edge and centered in the strip, but these -

restrictions are not essential. A detailed comparison of
dynamical solutions with the results of molecular dynamics
is in progress.’

Il. METHOD

We make use of two fundamental equations from iso-
tropic elasticity theory,

TV U+ A +7)V(V-U)=0, ey
V'Uu=0 @

TG L Geometry for studying the structure of edge dislocations using
_nolecular dynamics and elasticity theory. The particles along the upper and
lower edges of the strip are clamped so that the stress well ahead (right) of
the dislocation is pure shear and that far behind (left) the dislocation is zero.
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- where

U= Ui+ Vj+ WK,

and U, V, and W are the x, y, and z displacement-vector
components, respectively, and A and 7 are the Lamé con-
stants. Equation (1) says that the net force on a volume ele-
ment of material is zero and Eq. (2) is a direct mathematical
consequence of Eq. {1). A separable solution of Eq. (2) that
satisfies Eq. (1} is

U==(b/2) f (4 +By) exp(—ky) sinkx dk,
(0]

V=(5X277) J: {4 sgn(y)+yB/k+By sgn(y) |

X exp(— k) coskx dk.
W=0,

y=3-4v (v is Poisson’s ratio), and b is Burgers vec-

tor. The Fourier coefficients 4 and B appear in both equa-
tions, so if U[V] is known, then F[U] is completely deter-
mined. Consider an edge dislocation in the infinite xy plane
(see Fig. 2) with the pictured boundary conditions,

U(x <0,4+0)=+41b, U{x > 0,0)=0.

The solution to this problem can be obtained by using the
Airy-function method,!

b LX xy 7 )

v=Ll{ a4y X T ,
27;-(» e ey T2 V)

b 1-2v 2 )

=2 f_ Infx? -+ p? _ i .
zﬂ( v I T

The Fourier transform of this solution is

o-L{[[ (o)

X exp(—Kly) sinkx dk+ sgn(p) Ig_]

FIG, 2. Displacement boundary conditions for U. The edge dislocation is
located at the origin of our coordinate axes. .
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FIG. 3. Boundary conditions for an edge dislocation located in the center of
a clamped strip. The stress is pure shear to the far right of the dislocation
and is zero to the far left of it.

_b (T(_1._ ¥
T b ( k+2(1—v)k
X exp(— k) coskx dk.

y sgn(y)
+ 2(1—v) )

We may now obtain the solution to the problem shown
in Fig. 3. The boundary conditions are U (x < 0,-+0)= 415,
U(x»0,0)=0U (x,4+4)=-+43b, and ¥ (x,4+4 )=0, where
A is the strip half-width. Figure 3 shows the interaction of
an imposed shear displacement # with an edge dislocation
that has moved through the strip along the x axis and
stopped at (x,p)=(0,0); the arrows display the boundary
conditions for U. We construct the displacement field
throughout the strip by using an “image” method. The im-
ages lie at (0,-2n4 ), where # is an integer. They are not
dislocations, but are instead functional forms that satisfy
Egs. (1) and (2).

Uzifm sinkx dk
21 Jo

X K-L sgn(y)+ ) exp( rkbzlj

k 2(1— )
+ i (a,+B,y) explk (y—2n4)]

FE

b
e 88N + ;
4 gn(y) 4A
b [~

| =T, J coskx dk
2

sgn(y)) exp(—Ah)

X

Kzéj;k 2 1)’— V)

+35 (- gy Jexplk 62 )
+§1( " yzn n}’)expf—k(y+2nA)] ]

The coefficients are most conveniently represented as power
series in “4k”, ~

a+2
a,="S a(mm)d (4k)"?,

m=1
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=S b mm) k).
=1

For this centered configuration with either fixed or stress-
free boundaries, a, = —a, and f3, = b,,. Only four integrals -
are required to evaluate the Fourier integrals:

J‘x (1/k Yexp( —ky) sinkx dk= tan™ (x/y),
(]

J% (1/7k ) exp( —ky) coskx dk=—4% In(x*+y?),
O .

since
—Infiz) = —LIn(x* + yz) -+ tan"x/y,

sinpd
[Tt expt ko) g g~ oogt
cospx 4y 7"

O=sin"[x(x*+y?)""].

The problem is solved by considering the boundary condi-
tions and solving the resulting recursion formulas:

a(l,DN=—1,

a(2,1)=2(3—4v)",

a(3,1)=—[B—4(1 -],

b (1,n)=0,

62, )=2@~4v)1-w)]",

b3, )=—[G—-a-w)]",

b(mun+ D= —203 4y a(m—1,n)

+b(m—1Lm)]—b@mn)  (m>2),

alm.n+VDy=a(m,n)y+b (m,n)+b (m,n +1).
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FIG. 4. The convergence of the top-boundary displacements, as 38 addi-
* tional “images” (19 pairs), are added to the mﬁmte-plane solution, which is
shown at the top of the figure.
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FIG. 5. Displacements obtained in a fixed-boundary strip after summing 38

images. The displacements are shown at the sites of a triangular lattice in
order to visualize the effect of a finite lattice on the field. The tails of the

. arrows represent the atoms in an unstrained lattice; the heads represent

present atomic sites.

To solve the stress-free strip o, (x+4)
=0 ,,(x,-+4 )=0 one obtains the stresses from the general
displacements given above. The constant shear 5/44 in Uis
set equal to zero. These stresses along with the boundary
conditions yield the following recursion formulas:

a(l,l)=1,
a2, 1)= -2,
a(3,1)=(1—v)7,
b(1,n)==0,

b2, 1)=—4R0-V)]",
b3, =(1—v)",

b{mun+1)=2[alm—1,n)+b (m—1,n)]
+b{mn)3—4v)  (m>2),

a{mn+D=b(mn+1)+aimn)y+bmn)+2(1—v)
X[b(m+1,n)—b{m-+1n+ DL

. RESULTS

Figure 4 shows the rigid boundary displacement field at
y=A as a function of the namber of images n included in the
solution. The error falls off as 1/x. In Figs. 4-6, Poisson’s
ratiois 0.25. This same valueis appropriate to the molecular-
dynamics calculations.* The Burgers vector equals unity.
(For this centered configuration, it is possible to analytically
sum all the arctans, In’s, and k° terms. This decreases the
error but does not change the 1/n dependence.) Figure 5
shows the displacement field throughout the rigid boundary
strip after taking 38 images. To sum ¥, because the logarith-
mic terms appear to cause ¥ todiverge, welet V.. (+2nd )
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FIG. 6. Displacements obtained in a stress-free boundary strip after sum-
ming 40 images. (Same comments apply as in Fig. 5.).

represent the image contributions to the y displacement
field:

V=V core T3V image( 24) FV image(—24 )]
+ 3V imagel2A )V imape( —24)
F+V image( 34 )V g — 44 )]+,
where ¥,

—ore 18 the infinite-plane solution. This procedure
demonstrates the convergence of V. The U terms add
directly:

U= Uc(}re+ U image(ZA )+Uimage( —24 )

+ Uimagc( 44 )+Uimage(_4A )+ .

Figure 6 shows the displacement field throughout the stress-
free strip after summing 40 images. Using Kroupa's calcula-
tion’ of thebend angle of the strip, we find that the errorin the
displacement field falls off less rapidly than in the fixed-
boundary case. Nabarro and Kostlan® have used an Airy-
function approach to solve this same stress-free problem.
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