Reprinted from

JOLRNAL Of

STATISTICAL

Vol. 38, Nos. 5/6, March 1985
Pri~ted in Belgium

PHYSICS

Lorentz Gas Shear Viscosity via Nonequilibrium
Molecular Dynamics and Boltzmann's Equation
Anthony J. C. Ladd 1 and William G. Hoover l
Received June 19, 1984; revised October 1, 1984

-

When non equilibrium molecular dynamics is used to impose isothermal shear
on a two-body periodic system of hard disks or spheres, the equations of motion
reduce to those describing a Lorentz gas under shear. In this shearing Lorentz
gas a single particle moves, isothermally, through a spatially periodic shearing
crystal of infinitely massive scatterers. The curvilinear trajectories are calculated
analytically and used to measure the dilute Lorenlz gas viscosity at several
strain rales. Simulations and solutions of Boltzmann's equation exhibit shear
thinning resembling that found in N-body nonequilibrium simulations. For the
three-dimensional Lorentz gas we obtained an exact expression for the viscosity
which is valid at all strain rates. In two dimensions this is not possible due to
the anisotropy of the scattering.
KEY WORDS; Bollzmann equation; nonequilibrium; viscosity; molecular
dynamics; irreversibility.

1. II\lTRODUCTION

The Lorentz gas is a simplified model system in which a single particle
scatters from fixed scatterers. Usually, the particles are spherical (circular
in two dimensions), but other shapes~such as the square "trees" of the
Ehrenfests' "wind-tree" model~can be considered. If the scatterers are not
points, then two cases must be distinguished: the scatterers can either
overlap, or not.
These Lorentz models are interesting because their properties can be
understood theoretically. They have been used to elucidate the difficulties
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that arise in attempting to extend the Boltzmann equation to "higher"
(nonzero) densities. 2
Here we consider a simpler case in which only two hard particles are
involved, disks in two dimensions or spheres in three dimensions. Since
there is only one scatterer the possibility of scatterer overlap does not
occur. The problem is made interesting by adding periodic boundary con
ditions (see Fig. 1) so that each particle scatters from a periodic lattice of
images of the other particle.
For hard particles only the sum of the radii matters so that the system
can be viewed as consisting of two particles with radii al2 or one particle of
radius a and a point particle. Likewise, the system can be viewed from a
frame fixed in space, so that both particles move in a symmetric way, with
velocities v and - v. Alternatively the same system can be viewed from a
frame fixed on one of the particles. The other particle then moves at a
velocity 2v.
2

See Refs. 1 and 2. Reference 1 briefly lists the physical applications of the Lorentz model
(electrons, neutrons, and mixtures) and then gives a comprehensive summary of the underly
ing theory.
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Fig. L Two-body periodic isothermal shear flow, the simplest system illustrating ther
modynamic irreversibility. Two equal-mass particles are shown at the left. The inertial-frame
velocities are shown as sums of a systematic strain-rate contribution (horizontal) and a ther
mal part. Both particles move at a speed (2kT/m)1/2 • The equivalent Lorentz gas system is
shown at the right. The infinitely massive scattering particle moves horizontally, with only the
systematic strain-rate velocity, iy. The scattering particle, with mass m12, moves with twice the
speed of the particles shown at the left. In either case the motion is governed by Eq. (1) of the
text. In drawing the figure the open circle particle lies at y = 0 so that its systematic velocity is
zero. The systematic velocities of its images above anc( below are +eL and -iL, respectively.
L is the repeat distance between images and E is the strain rate dux/dy. The other particle,
shown as a filled circle, has a systematic (horizontal) velocity proportional to its y coordinate
as well as a thermal velocity equal to the negative of that of the open-circle particle. On the
right (Lorentz) side of the figure the velocities are measured relative to aIIXed open circle. In
this coordinate frame the filled circle again has a systematic velocity Ily and has an additional
"thermal" velocity - 2v.
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Here we focus on the viscosity of the two-body system. This is the sim
plest realization of "nonequilibrium molecular dynamics" techniques
developed over the past decade for application to many-body systems. As is
described in the next section, the same equations can be applied to two
bodies, and the low-density viscosity thus obtained is a reasonably faithful
caricature of the many-body result obtained from the Boltzmann equation.
"Exact" numerical diffusion-coefficient results have already been
obtained, by equilibrium molecular dynamics computer simulation, for
both overlapping and nonoverlapping Lorentz gas scatterers. (3-5) The
results generally justify the conclusions of kinetic theory, with respect to
the long-time behavior of the velocity autocorrelation function and the dif
fusion coefficient D. In either two or three dimensions, with randomly dis
tributed points scattering a hard disk or sphere, the coefficient D varies
nonanalytically with scatterer density: D -1/ p + O(ln p} in two dimensions,
and 1/p + O( 1) + O(p In p) in three dimensions. Numerical simulation is
consistent with these logarithmic terms and shows that, overall, D varies
rather smoothly with density.
Nonequilibrium molecular dynamics has progressed rapidly over the
last decade. (6) The early reservoir techniques were quickly replaced by
periodic homogeneous simulations utilizing modifications of Newton's
equations of motion. All of the methods used appear to be self-consistent
when number dependence and rate dependence are taken into account.
Detailed comparisons have demonstrated the agreement, at low strain
rates, of the nonequilibrium methods with the formally exact Green-Kubo
fluctuation approach. (7) Although most simulation work has focused on
determining the linear transport coefficients, diffusion, viscosity, and heat
conductivity, even monatomic fluids have been found to exhibit the com
plex strain-rate-dependent rheology characteristic of polymeric fluids. The
rates involved, for the monatomic fluids, in the gigahertz to terahertz
range, exceed those for which laboratory measurements can conveniently
be made. There is no doubt, however, that even higher rates exist in the
shockwaves generated by explosives. (8)
Here we consider the strain-rate-dependent shear viscosity of the
Lorentz gas. This is the simplest system to which the equations of non
equilibrium molecular dynamics can be applied. Because the system can be
described in a three-dimensional phase space (albeit with a density in that
space which is periodic in time) it is the simplest system illustrating ther
modynamic dissipation and irreversibility as well as nonlinear rate-depen
dent viscosity.
It is difficult to decide, a priori, whether or not the nonlinear flow
behavior resulting in normal stresses and shear thinning can be
meaningfully characterized by computer simulations and related to real
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measurements. 3 In an attempt to shed light on this question we have
examined the shear flow in a dilute gas described by the equations of
motion of nonequilibrium molecular dynamics, (!O) via nonlinear solutions
of the relaxation-time Boltzmann equation. We compare the distribution
functions and transport coefficients from our nonequilibrium equations of
motion with those obtained more conventionally, with boundary-driven
flows. We find that the isotheI'mal equations of motion generate the correct
one-particle distribution function for steady Couette flow to all orders in
the strain rate.
In Section 2 we describe the nonequilibrium equations of motion and
apply them to Lorentz gas trajectories. In Section 3 we give results for the
model from computer simulation. In Section 4 we solve Boltzmann's
equation for both the two-body Lorentz gas and the many-body models of
nonlinear Couette flow. In Section 5 we discuss the thermodynamic irrever
sibility associated with the Lorentz gas.

2. NONEQUILIBRIUM EQUATIONS OF MOTION AND
LORENTZ GAS TRAJECTORIES

Particles undergoing a spatially periodic shear at constant temperature
can be described by the nonequilibrium equations of motion recently
reviewed by Evans and Morriss(lO)

x = (px/m) + iy,

i=dux/dy,

(1)

The "thermal velocity" p/m is measured relative to the fixed stream velocity
iy. The "friction coefficient" ( varies with time (through its dependence on
the forces and momenta) in such a way that the kinetic energy L: p2/2m
(proportional to temperature) is a constant of the motion. An alternative
constraint, identical between collisions, is to maintain a constant internal
energy (L: p2/2m + cfJ).
A variant of Eqs. (1), the "DoH's tensor" equations of motion/ l1 )
results if the x and y subscripts in the second line are permuted. Either set
of equations, (1) or the Doll's tensor analog, produces the correct low
strain-rate viscosity. The exploratory calculations listed in Tables Ia and Ib
indicate that the normal stresses given by the two sets are different though
they are unaffected by the choice of isoenergetic or isothermal constraints.
3

This question is discussed at length in Ref. 9.

~.
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Kinetic Contribution to the Shear Viscosity and

Normal Stress Coefficients at a Density p = Na- 3 /J2V= 0.4.
Temperature kT/E 1. and Strain Rate e(ma- 2 /kT)' 12 1.
by Various Nonequilibrium Molecular Dynamics Methods.

=

a

=

Method a

I'/Ku2(mkT)- L/2

'Pf((J/m)

'Pf((J/m)

1
2
3
4

0.11
0.11
0.11
0.13

0.03
-0.03
-0.04
-0.04

-0.04
-0.01
-0.00
-0.21

Method 1, Doll's tensor + isoenergetic constraint; method 2, correct Coriolis for
ce + isoenergetic constraint; method 3, correct Coriolis force + isothermal constraint; method
4, correct Coriolis force + isothermal constraint in T zz only. Each simulation involved 32
particles interacting via an inverse 12th-power potential, ¢ e(u/r)12, with a run time of 600
(mu 2/kT)L/2. The viscosity and normal stress coefficients, 'P J and 'P 2, are defined by (see
article by R. B. Bird in Ref. 9). "Correct Coriolis force" corresponds to Eq. (1).

The error bars are within the quoted accuracy.

Table lb.

Molecular Dynamics Simulations of Couette Flow at a

Density. p

=Na- 3 /J2V = 0.6. Temperature kT/E = 1, and Strain Rate

e(ma- 2 /kT}1/2=1. for an Inverse 12th-Power Potential

a

Method"

N

Pu 3/kT

T
E
E
E

32
32
108
256

8.28
8.27
8.25
8.26

1Ju 2 (mkT)

1.21
1.21
1.22
1.23

'PL(u/m)

'P2 ((J!m)

0.16
0.16
0.04
0.04

-0.19
-0.19
-0.16
-0.16

Both isoenergetic (E) and isothermal (T) molecular dynamics were used corresponding to
methods (2) and (3) of Table la, respectively. Between 32 and 256 particles were used with
run times of 500 to 5000(mu1/kT) 1/2. The error bars are approximately one in the last quoted
figure.

We discuss later, in Section 4, an argument based on the Boltzmann
equation which suggests that the set (1) is more nearly correct for deter
mining normal stresses.
It is not obvious whether or not Eqs. (1) have stable solutions for
small systems. But numerical integration indicates that solutions are stable
for periodic systems of only two or three particles. In mathematical terms,
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a two-body periodic system is identical to a Lorentz gas with spatially
periodic scatterers. To see this, choose a coordinate system fixed on one
particle in a two-body system (see Fig. 1). Then substitute R /'1 /'2'
P p [, and M = ml2 into Eqs. (1). Exactly the same equations (1) result,
but with the lower-case variables r, p, m replaced by R, P, M, where M is
the reduced mass (/1). For clarity we will emphasize the two-dimensional
hard-disk analog of the equations above. Thus, if the total internal energy
of the two-body system is 2kT-= L p2/2m = p2lm, the internal energy of the
equivalent Lorentz gas is also 2kT (3kT in three dimensions). The moving
Lorentz particle has twice the speed of either two-body particle, but only
half the mass.
Between collisions, when the force F vanishes, Eqs. (1) can be
integrated analytically. This gives curvilinear trajectories which are
segments-beginning and ending with collisions-of curves of the type
shown in Fig. 2. The two-dimensional case is worked out in detail in
Appendix A. It is important to realize that the isothermal restriction
(p2/2m = const) on the trajectories forces the wandering particle to move at
a velocity similar to that of nearby scatterers. Because the y coordinate
diverges gradually (as ±In t for t large) there is no possibility of avoiding
eventual collision, which transfers the wandering particle to a new section
of the universal trajectory of Fig. 2.

trr--____

2tr~-----------

__----"""1

1T

--------10

"
Fig. 2. Trajectory followed between collisions according to the isothermal shear flow
equations (1). The scale of the figure varies inversely with the strain rate 8. A particle moving
upward (P r > 0) follows the c-shaped curve from lower right to upper right, first leading the
flow (Px > 0) and later lagging behind it (Px < 0). A particle moving downward (P r < 0)
travels in the reverse direction along the mirror-image curve.

~
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The collisional momentum transfer is complicated by the isothermal
restriction. In these calculations, both computer simulation and Boltzmann
equation, we have assumed that the product of the strain rate and collision
cross section is much smaller than the thermal velocity. The collisions are
then the same as in the equilibrium case. At higher densities and strain
rates Eqs. (1) must be integrated through the collision numerically, for
some suitable potential, using either an isothermal or isoenergetic con
straint. A very steep repulsive Hooke's law force is suitable for this purpose.

3. NONEQUILIBRIUM MOLECULAR DYNAMICS

~

The shearing two-body periodic system was simulated over the range
of strain rates i = dux/dy shown in Table II. The calculation proceeds by
calculating the time at which the wandering particle next encounters a strip
(n
(J) < y < (n
+ (J) in which collisions with particles at Xmn
m
+ itn
might occur. Any such collision is located iteratively; the
contributions to the pressure tensor are tallied; the new postcollision
velocity is determined, and the process is repeated. Runs of several million
collisions are feasible and yield pressure tensors and viscosities,

ft ft ft

ft

(2)

accurate to about one part in a thousand.
Table II.

a

Molecular Dynamics Simulations of the Two-Dimensional
Viscous lorentz Gas, at a Volume V = 1 000'2

ea(m/kT) 1/2

Ncoll

(ET)

'1/'111

0.0003
0.001
0.003
0.01
0.03
0.1

9.7 x 10 6
2.5 x 10 6
2.5 x 106
1.0 x 106
0.5 x 106
0.2 x 10 6

0.00514
0.0171
0.0514
0.171
0.512
1.62

1.07(11)
0.93(6)
0.77(3)
0.78( 1)
0.71 (1)
0.39(0)

The viscosity is calculated relative to the zero strain rate, zero density viscosity obtained
from a solution of the Boltzmann equation, 'Ill =0.161(mkT/a 2 )1/2. The zero strain rate
collision time is given by liT 4a(k T/Il) 1/2/( V - M2), and contains the excluded volume
correction.
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The low-density, small-strain-rate viscosity can be obtained from
Boltzmann's equation, as shown in Section 4. The computer results appear
to approach this limit
(disks)

1'/oa/(mkT) 1/2 = 15 yI2/128 = 0.166

(3)

(spheres)

Gass(l2) quotes Senger's many-body disk result, .( 4n) - 1/2 = 0.282, about
70 % greater. The corresponding reduced hard-sphere viscosity, 0.176,
likewise considerably exceeds the two-body value. At higher rates the
viscosity eventually vanishes and the pressure tensor approaches the
limiting form (in two dimensions)

~J NkT/V
It appears that the viscosity vanishes at least as strongly as to -

3/2

for high

rates, but we have not been able to prove this.
4. BOLTZMANN'S EQUATION

Boltzmann's equation can be applied to the Lorentz-gas model with
the velocity-dependent forces in a straightforward way. If we describe the
thermal velocity p/m = f - (ty, 0) using plane polar coordinates:

e

Px

P cos

Py

P sin e

(4)

then the equation of motion (1) has the form
()

t sin 2

e

(5)

Boltzmann's equation becomes

af+ ae0 (fe).
ot

(aD
a
t

(6)
collisions

The relaxation-time model replaces the collision term by (fo - f)/,r, where
fo 1/2n so that Sfde == 1, For the two-body periodic system the collision
rate 1/r is 2(J(8kT/m)1/2/V For the equivalent one-body analog, 1/r: is
2a(4kT/Jl)1/2/V = 4(J(kT/Jl)1/2/V where Jl m/2. Thus the linear steady state
solution of the relaxation-time model
fo + Tfl can be obtained from

a (r

. . 20)

aoJOcsm

t sin 0 cos
TC

e

(7)

-
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In two dimensions the scattering is anisotropic. The "collision operator"
distributes! with a probability density equal to (1/4) Isin(i58/2) I and the
collision integral can be worked out analytically,

G0COlliSions =

:,rI:"

{f(8-i58)-!(8)} Isin(i58/2) I d(i58)

(8)

A Chapman-Enskog expansion indicates that
(9)

and an exact collision-term calculation reduces the perturbation!! by a fac
tor of 15/16. The viscosity obtained by averaging over the steady state dis
tribution function,!!, is given in Eq. (3).
We solved the two-dimensional nonlinear equation (6) numerically by
iterating a centered-difference version to a steady state for 4, 8, 16, 32, 64,
and 128 intervals in 8. The results indicate errors varying as the inverse
square of the number of intervals. This estimate was used to compute the
viscosities listed in Table III and appearing in Fig. 3. An asymptotic expan
sion establishes that the viscosity varies quadratically at low strain rates:

!l= 1- (er)2 + 0(er)4

(10)

lJo

Table III.

a

Viscosities from the Nonlinear Boltzmann Equation
for a Periodic Two-Body System

ea(m/kT)1/2

(tT)

t1/t1o

0000
0.001
0.Q1
0.02
0.05
0.10
0.20

00000
0.0177
0.177
0.354
0.884
1.77
3.54

1.0000
0.9996
0.9630
0.8837
0.6450
0.4069
0.2096

The data were obtained using a collision rate appropriate to a volume of 100a 2 • Both par
ticles have mass m and speed (2kTjm)1/2. To convert the strain rates given to the dimen
sionless form eT where l/T is the mean two-body collision rate multiply the rates quoted
by 25a/(2kT/m)1/2. The low-density zero-rate viscosity flo == 15(2mkT)1/2/128a =
0.166(mkTja 2)1/2.
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0.8

20 Boltzmann

o

..£:: 0.6
E

3D Boltzmann

0.4
0.2

log (€r)
Fig. 3. Strain-rate dependent low-density viscosities. The solid line is the solution of the
three-dimensional Boltzmann equation [Eq. (19)]. The squares are solutions of the
two-dimensional Boltzmann equation [Eq. (6)]. The results are scaled by the zero-frequency
viscosity and the mean collision time. The circles are the results of the two-dimensional
molecular dynamics simulations. The error bars, shown when greater than the size of the cir
cles, are one standard error.

The predictions of the two-dimensional Boltzmann equation can be com
pared with the results of numerical simulation (Table II) as shown in
Fig. 3. The two calculations are consistent at low strain rates, but the
simulation results have a larger and more complex dependence on strain
rate. The reason for this is unclear. In solving the Boltzmann equation we
have assumed that the collision time is independent of the direction of the
velocity. The indication both from theory and simulation are that this
assumption is true, at least at low strain rates. The variation in mean free
path between strips [= Vl/2/sin e is exactly canceled by the angle-dependent
probability of collision as the particle crosses a strip. For a single strip,
P 2(J1( V1/2 sin e). For small angles, e< 2(JIV I / 2 , a collision is certain, but
this is a negligible effect at low densities. The cumulative mean free path is
IP+2IP(1-P}+3IP(1-P?+'"

[IP

V12(J

(11)

and thus the collision time is independent of the velocity direction e.
In the three-dimensional case the analysis is likewise simplified by
introducing spherical polar coordinates
Px = P cos t/J,

Py = P sin t/J cos

e,

pz = P sin t/J sin e

(12)
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Between collisions the equations of motion are
(13)

The scattering is isotropic, and the low-density linear perturbation to the
distribution function is exactly

= 38 sin I/J cos I/J cos £:Jfo

(14 )

where the collision rate l/r is 1w2(12kT/m)1/2/V.
The nonlinear Boltzmann equation takes the relatively simple form,
df
dt

o. (pf) = 8 cos 0 ( sin 21/J of + 3 sin I/J cos I/J f)
= -(f -

(15)

j~)j,

which has a solution in the spherical polar coordinates defined in Eq. (12),
( 16)

where x cot I/J. The distribution function can be expressed in terms of a
forward and backward Fourier transform in the variable x,

f

dqe ixq

f= 1 (l+x 2 )3!2

n

CIJ

(iq8,cosOt
0

I'D

dx'e-iqx'(I+xt2)-3/2

~C()

( 17)

and the viscosity can be obtained from the appropriate moment of f,
11 =

1

--;-

sV

J,n sin I/Jdl/J f2n dO p2
- sin I/J cos I/J cos 0 f
0

0

J1

(18 )

where K J is a modified Bessel function. By expanding the algebraic term in
the integrand, an asymptotic series for the low strain rate limit is obtained:
11/110=5(8,)-2

10
7

[OJ {1-(1+ [8,q]2)
1000
143

1 - - (8,)2 +-- (8,)4 ..,

1/2}e- q K 1(q)dq

(19 )
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At higher strain rates, the integral can be evaluated numerically, by
Gauss--Laguerre quadrature, and the results are shown in Fig. 3. The
two-dimensional and three-dimensional low-density viscosities have a very
similar dependence on shear rate.
The Boltzmann equation can also be analyzed for a many-body (as
opposed to one- or two-body) system. In this case, the "friction coefficient"
, is not a dynamical variable, but is found by requiring that there be no net
increase in internal energy
(20)

In the relaxation-time approximation it is again possible to expand the dis
tribution function, this time around the limiting Maxwell-Boltzmann fo :
(21)

The solution predicts shear thinning:

P V/NkT=
Xv

-(e.:) + 2(t<:)3 ...
-(ir) + (4/3 HillY

(disks)
(spheres)

(22)

agreeing with Zwanzig's hard-sphere analysis, (13) and dilatancy
(disks)

V/NkT= 2(er)2

4(er)4+ ... ,

(23 )

(spheres)

agreeing with Chapman and Cowling's result. (14) The entropy, defined in
terms of the average value of In!, is reduced by the shear flow, but, as
expected on physical grounds, by less than the prediction from the
quadratic term alone:
(disks)
(spheres)

(24)

A similar analysis can be carried out using the Doll's tensor equations of
motion, which treat Corio lis accelerations differently, or for alternative
equations of motion which treat the isothermal constraint differently (for
instance by restricting the z temperature alone rather than the average).
This comparison shows that the equations of motion (1) used here are con
sistent with the Chapman-Cowling normal stresses and that the other
approaches are not. The computer simulation results in Table la are in
agreement with this conclusion.

-
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The series in Eqs. (22) and (23) can be generated recursively by
calculating moments of the distribution function. (15) The resulting series
and numerical results are identical to ZwaIizig's calculations, indicating an
exact correspondence to all orders in the strain rate between the nonlinear,
nonequilibrium distribution functions obtained from the isothermal
equations of motion and those derived from a model of a gas enclosed by
moving boundaries, heating up due to viscous dissipation. The local
equilibrium assumption is common to both calculations. Very recently
Evans and Morriss have studied transient nonlinear Couette flow, (16) com
paring analytically the distribution functions derived from Eqs. (1) and
Doll's tensor. They also conclude that Eqs. (1) yield correct normal. stresses
whereas Doll's tensor does not.
A major remaining problem involves heat conduction. A relaxation
time analysis of heat flow (homogeneous, periodic, isothermal, with a con
stant heat current but no particle current )(17) produces normal stresses
which disagree with the Chapman-Cowling analysis. (14) Heat current
simulation is also more complicated. (17) The constraints L: p = 0, L: p2
fixed, L: p(p2) fixed require at least three particles, not just one or two.
5. IRREVERSIBILlTy(18)

The two-dimensional Lorentz gas is the simplest system exhibiting
thermodynamic irreversibility. The isothermal equations of motion (1) are,

however, reversible in time. Thus a movie of the motion, run backward,
would still satisfy the equations. This mathematical reversibility is not
physical, because the reversed movie would exhibit negative viscosity and
negative entropy production. As Boltzmann pointed out, the instability of
the equations of motion to small perturbations means that the motion can
be reversed, with a given accuracy, only at the cost of a precision in the
initial conditions which increases exponentially in time. The error
amplification is easy to see in the Lorentz gas. A small error in the impact
parameter db, leads to a corresponding error in the scattering angle, of
order db/a, which leads to an error in the impact parameter at the next
collision of order (A/a) db, where A is the free path. Thus, at a density
corresponding to a mean free path of ten diameters, approximately one
significant figure is lost with every collision. Even very small physical forces
destroy reversibility. The gravitational force exerted by the sun between
two successive collisions of a room temperature molecule of air changes the
ratio b/a by about 1 part in 10 12 •
The irreversibility which actually occurs can be analyzed more quan
titatively for our simple one-body system. Imagine that this system is con
nected to a physical heat bath, at temperature T, which adds or subtracts

-
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energy as required to keep the temperature of our system constant through
the friction coefficient (. From the equations of motion, the Coriolis and
frictional changes in the comoving particle kinetic energy with time are
(djdt)(p2j2m)

-epXpyjm + "friction"

0

(25)

Thus (for e> 0) the friction term +epxpy/m contributes energy for
momenta in the first or third quadrants and extracts energy in the second
and fourth quadrants. The isotropic equilibrium distribution gives no net
energy gain or loss. The drift induced by the nonequilibrium equations
increases the density in the second and fourth quadrants, leading to a net
production of heat, which is then extracted by the thermostat. Thus the
streaming motion in velocity space leads to a positive entropy (heat)
production.
There is a similar effect in configuration space. In the absence of a
strain rate the scattering particle neither gains nor loses energy. In the
presence of a moving scatterer as in Fig. 1, the relative inertial-frame speed
is increased for collisions in the second and fourth quadrants and decreased
in the first and third quadrants. Thus collisions in the first and third
quadrants absorb less heat (entropy) than that produced by the more
numerous second and fourth quadrant collisions. Because particles moving
up tend to collide preferentially in the fourth quadrant, and those moving
down collide preferentially in the second, the net effect of collisions is to
generate entropy too.
The Lorentz gas features just described are generally valid in
many-body systems too. To first order in the strain rate there is no entropy
production. There is a positive entropy production which is overestimated
by the second-order terms. Both spatial effects, of the kind accounted for
approximately by Enskog, (14) and streaming effects contribute to the
irreversibility.

6. SUMMARY
The nonequilibrium shear-flow equations of motion can be stably
applied to two- and three-dimensional one-body analogs of the Lorentz gas
model. This application produces viscosity coefficients exhibiting shear
thinning in two or in three dimensions. The Boltzmann equation predicts
similar effects though quantitatively somewhat different. This difference is
difficult to understand, in light of the similarity in results at both low and
high strain rates. The irreversibility inherent in the reversible equations of
motion can be analyzed and understood on thermodynamic grounds, by
considering heat exchange with a thermostat imposing the isothermal con
straint.

Lorentz Gas Shear Viscosity via Nonequilibrium Molecular Dynamics

987

ACKNOWLEDG M ENTS
Both Jim Dufty (Gainesville) and Denis Evans (Canberra) have been
generous with pertinent conversations and preprints. This work was sup
ported, at UC Davis, by the Army Research Office and the Air Force
Office of Scientific Research.

APPENDIX A: TRAJECTORIES
Between collisions the equations of motion (1) in the polar coordinate
form (j 8 sin 2 0, can be integrated (twice) to find x, y, Px' and pyas
functions of t. With the initial conditions x o, Yo, Pxo, Pya at to the solution
is

x = Xo + (r + c) Yo + (p/~8)[2(1 + C2)1/2 - 2(1 + r2)1/2 + rin tjI]
y Yo+(p/~8)lntjl,
ljJ=.[(1+r2)1/2+r]/[(I+c 2)1/2-cJ

°

for Py > 0. For P.v < replace P by -pin these equations. The ratio of
initial momenta, Pxo/Pvo, is c; the relative strain t(t - to) - c, is r.
The Doll's tensor -solution is similar. The polar coordinate equation is
(j = -8 cos 2 (J, leading to

for Px > 0, where r t(t - to)
Integrating once more gives

c, with c = pyo/Pxo

x

xo+(r+c)Yo+(p/~t)

y=

!r(l +1'2)1/2 + !c(1 +
Yo + (p/~t)[(1 + C2 )1/2 (1 + r 2)112 J

ljJ

[(1 +

x [1'(1 +

=

C 2 )1/2_

1'2)1/2

+ r ]/[(1 +

2
C )1/2 -

C 2 )1/2+

!In ljJ]

c]
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